Introduction
The sign and the magnitude of experimentally measured line tension are still the issue of debate [1] , although the concept of line tension has been established more than a century ago in seventieth of nineteenth century by Gibbs [2] [3] [4] . The well-known starting point for the experimental study of line tension τ is the size-dependent contact angle θ of a droplet place on a flat and ideally smooth solid substrate ( Fig. 1 ) through the so-called modified Young's equation [1, 5] cos θ = cos θ Y − τ σr ,
CONTACT M. Iwamatsu. Email: iwamatm@tcu.ac.jp where r is the radius of (circular) contact line, σ is the liquid-vapor surface tension, and θ Y is the Young's contact angle defined through the Young's equation [3, 6] cos
with σ SL as the solid-liquid surface tension, and σ SV as the solid-vapor surface tension [1, 3, 4] . If the droplet is cylindrical with a straight contact line (r → ∞), which cannot be realized experimentally but easily realized by computer simulations [7, 8] , the last term in Eq. (1) is missing and the contact angle θ is given simply by the Young's contact angle θ Y in Eq. (2) and does not depend on the size of the droplet. On the other hand, if the droplet is a spherical cap with radius R shown in Fig. 1 , the radius r of the contact line is given by r = R sin θ and the contact angle θ depends on the size R of the droplet. A spherical cap-shaped droplet with a radius R on a flat substrate. The center of the spherical meniscus locates at y 0 = −R cos θ, where θ is the contact angle. The radius of three-phase-contact line is given by r = R sin θ. The Helmholtz free energy of the droplet consists of the liquid-vapor surface tension σ multiplied by the surface area S LV , the difference of the solid-liquid surface tension σ SL and the solid-vapor surface tension σ LV multiplied by the surface area S SL , and the line tension τ multiplied by the three-phase contact line length L SLV .
By plotting the cosine of the contact angle θ (cos θ) versus curvature 1/r by changing the base radius (r) of the droplet, one can deduce the sign and the magnitude of the line tension τ from Eq. (1) if the line tension τ does not depend on the size r or the contact angle θ. The line tension τ has been determined [1] from millimeterscale droplets by optical microscopes down to nanometer-scale droplets by atomic-force microscopes. The experimentally determined line tensions can be either positive or negative, and differ several order of magnitude [1, 9] : The millimeter-scale droplet has a line tension as large as 10 −5 N while the nanometer-scale droplet has a line tension as small as 10 −10 −10 −12 N [1, [9] [10] [11] [12] [13] [14] . Therefore, the line tension depends on the size scale of droplets [15, 16] . Furthermore, the deviation from the linearity cos θ ∝ 1/r of Eq. (1) is frequently observed [12, 16] , which is attributed partly to the fact that the line tension τ depends on the contact angle θ [16] . Even the reversal of the sign of line tension is observed by changing the temperature [1, 11] or the size of droplets [13] . This modified Young equation (1) is routinely used to deduce the magnitude of line tension from the computer simulation as well [7, 8, 17, 18] . Therefore, the experimentally determined line tension, which we call apparent line tension, is defined through the modified Young's equation in Eq. (1). Since Eq. (1) represents the force balance parallel to the surface at the three-phase contact line [19] , the apparent line tension is defined through the force rather than through the energy.
Theoretically, the line tension is defined as the excess contribution to the free energy associated with the three-phase-contact line scales with its length [2, [20] [21] [22] [23] . The line contribution of free energy per unit length of the contact line is called line tension τ , which we call intrinsic line tension. By decomposing the free energy of a droplet on a solid substrate into volume, interfacial, and line contributions, we can theoretically determine the intrinsic line tension. Since the liquid-vapor surface is curved and interfacial zone is diffuse, there is a conceptual problem of dividing surface [3, 22, [24] [25] [26] . Therefore, instead of directly analyzing a cap-shaped droplet with a finite base radius and a spherical meniscus, a liquid wedge with a flat meniscus, which corresponds to the limit of infinite base radius, is usually considered. So far, the most of microscopic calculations of intrinsic line tension assume a sharp interface and a straight (r → ∞) three-phase-contact line and a planar liquid-vapor interfaces [27] [28] [29] [30] [31] .
Since the vicinity of the three-phase-contact line is the region where the multiple scale length from macroscopic millimeter to atomic sub-nanometer scale meets [1, 32] , different physical phenomena at different length scales contribute to the line tension [1] . At sub-nanometer atomic scale, a direct atomic interaction between different species of atoms contributes to the atomic line tension τ atom , whose magnitude is [1] |τ atom | ∼ 1nN. At nanometer scale, the direct surface force such as the van der Waals interaction usually modeled by the surface potential or the disjoining potential [27] [28] [29] plays dominant role, which leads to the van der Waals line tension [1] |τ vdW | ∼ 1 − 100pN. At a larger millimeter scale of the order of capillary length κ −1 ∼ 1mm, the gravitational line tension [1, 4, 30] τ grav ∼ 1 − 10(> 0)µN is dominant. Observed line tension would be the sum of those three contributions [1] :
For nanometer-scale droplet, of course, sum must be up to the first two terms τ atom and τ vdW . Furthermore, the experimentally determined apparent line tension τ app from Eq. (1) always contains combinations of all the different 1/r corrections to the free energy. For example, the liquid-vapor surface tension σ is not a constant but depends on the curvature of the spherical liquid-vapor interface through the so-called Tolman's length [8, 18, [33] [34] [35] . However, the recent molecular simulations demonstrate that both the curvature dependence of the liquid-vapor surface tension represented by Toman's length [8, 18] and the contact-angle dependence of the intrinsic line tension [8, 16] cannot be neglected. In fact, Eq. (1) indicates that the line tension should depend on the contact angle θ or the radius r = R sin θ of the three-phase-contact line of a sphericalcap shaped droplet as the last term of Eq. (1) diverges [36] when θ → 0 or r → 0 on a spherical substrate.
In this paper, we will derive a generalized Young's equation which takes into account the effect of the curvature dependence of liquid-vapor surface tension and the contact-angle dependence of intrinsic line tension. Then, we will consider the van der Waals and the gravitational line tensions as two examples.
A generalized Yount's equation
Consider the Helmholtz free energy of a spherical cap-shaped droplet of a nonvolatile liquid with the radius R and the contact angle θ on a flat smooth substrate (Fig. 1) given by
where S LV , S SL , and L SLV defined by
are the liquid-vapor surface area, the liquid-substrate surface area, and the substrateliquid-vapor three phase contact line length respectively. The liquid-vapor surface tension is denoted by σ, and the intrinsic line tension is denoted by τ . Since, we consider a nonvolatile liquid droplet, we use Helmholtz free energy instead of the Gibbs or grand potential free energy [22, [24] [25] [26] . Therefore, the problem of dividing surface of liquid-vapor interface [3, 22, 25] and the Kondo equation [24, 25] for the Laplace pressure will not be considered explicitly. Here, the droplet volume is controlled by injecting or subtracting liquid from the nonvolatile droplet ( Fig. 2(a) ). By contrast, the volatile droplet is realized as a critical nucleus of the heterogeneous nucleation so that the droplet volume is controlled indirectly only when the supersaturation of surrounding vapor is altered ( Fig. 2(b) ). Also, the volatile droplet is not stable but is a metastable transient state of nucleation process. The difference between the substrate-liquid (SL) surface tension σ SL and the substrate-vapor (SV) surface tensions σ SV is given by ∆σ:
In the capillary approximation, the liquid-vapor surface tension σ is assumed to be affected neither by the presence of the substrate [37] nor the curvature of the meniscus [8, 18, [33] [34] [35] . Similarly, the liquid-substrate surface tension σ SL corresponds to the interaction energy between the substrate and the infinitely thick wetting layer. Also, the line tension τ is assumed to be a constant. By minimizing the Helmholtz free energy in Eq. (4) under the subsidiary condition of constant volume
with
we can derive the modified Young's equation (1) .
To this end, we use the formula [38] 
with the geometrical factor q (θ) defined by
and we obtain the equilibrium condition
from
Using Young's equation with Young's contact angle θ Y given by
which expresses the force-balance at the three-phase contact line without the effect of line tension, Eq. (13) is written as
which is equivalent to Eq. (1) since r = R sin θ is a contact line radius (Fig. 1) .
If the liquid-vapor surface tension σ depends on the radius R, and the intrinsic line tension τ depends on the contact angle θ, the equilibrium condition from the minimization of the free energy in Eq. (14) gives
instead of Eq. (13), where we have used partial derivative (∂) to emphasize that the surface tension σ and the line tension τ can depend on various parameters in addition to R and θ. Note that those two derivatives ∂σ/∂R and ∂τ /∂θ do not come from any expansion of the original modified Young's equation in Eq. (1), but they come directly from the free energy minimization. Therefore, only the fist derivatives appear. Also, the derivative ∂σ/∂R is the change of the liquid-vapor surface tension by the real displacement of the real surface, and does not corresponds to [∂σ/∂R] of the fictitious displacement of the dividing surface [3, 22, 24, 25] . Suppose the liquid-vapor surface tension σ depends on the radius R through Tolman's formula
where δ T is Toman's length. Then, Young's equation in Eq. (15) should be replaced by
and we can transform Eq. (17) into the form of the modified Young's equation in Eq. (1):
where the apparent line tension τ app is given by
Therefore, if the correction 2δ T σ ∞ and ∂τ /∂θ are the same order of magnitude as the intrinsic line tension τ , the measured apparent line tension τ app from the modified Young's equation (20) does not represent the intrinsic line tension τ unless the contact angle θ approaches zero (θ → 0). A similar expression was derived by Marmur [39] though he used the ratio
instead of the contact angle θ. His result (Eq. [23] in reference [39] ) reduces to the third term of the right-hand side of Eq. (21) . An expression similar to Eq. (21) for two-dimensional (2D) cylindrical droplets is derived by Kanduč [8] to discuss the effect of the curvature dependence of the liquidvapor surface tension ∂σ/∂R and the contact-angle dependence of the intrinsic line tension ∂τ /∂θ on the apparent line tension τ app . Using the curvature-dependent liquidvapor surface tension from the molecular dynamics (MD) simulation, Kanduč deduced the magnitude of Tolman's length δ T ≃ −0.05nm for the model water. Tolaman's length with the same negative sign and a similar magnitude have bee suggested for threedimensional (3D) droplets by mean-field calculations based on the density functional theory [34, 35] and by similar MD simulations [40, 41] . However, the radius-dependence of the Tolman's length and, therefore, the higher order 1/R 2 correction to the liquidvapor surface tension is appreciable [40] . Also, it is difficult to determine Tolman's length experimentally from nucleation data [42] . Together with the liquid-vapor surface tension σ ∼ 0.06 N/m of water droplets [8, 41] 
By contrast, the study of contact-angle dependence of the intrinsic line tension is scarce [8, 16, 39] . Very recently, Kandǔc [8] has conducted the MD simulation of cylindrical droplet and deduced the derivative ∂τ /∂θ. This derivative itself shows strong contact-angle (θ) dependence and is on the order of ∼ −15 × 10 −12 N, which is the same order of magnitude as the line tensions τ atom and τ vdW . This derivative is large negative for hydrophilic substrates (cos θ > 0) and is small positive for hydrophobic substrates (cos θ < 0) [8] .
Although equation (17) takes into account the curvature dependence of the liquidvapor surface tension σ = σ (R) and the contact angle dependence of the intrinsic line tension τ = τ (θ), the effect of the substrate potential or other external field is not explicitly taken into account. In fact, equation (4) can be written as
where ∆F (R, θ) stands for the excess free-energy, which takes into account various effects such as the vapor-liquid-substrate interaction and external fields. Then, we obtain the generalization of Young's equation
instead of Eq. (17) from Eqs. (11), (12), (14) , and (19) . Equation (25) is the most general form of a generalized Young's equation. We can recover Eq. (17) when
Most of previous microscopic calculations of line tension assumed this form and concentrated on calculating this intrinsic line tension τ (θ) [27] [28] [29] [30] . Equation (25) can be transformed into the form of Eq. (20) , and the apparent line tension is given formally by
where Tolman's formula (18) is used, which reduces to Eq. (21) when Eq. (26) is used. Note that Eq. (27) does not necessarily gives the definition of line tension because it may not give the 1/r correction to the contact angle in Eq. (1).
van der Waals and gravitational line tensions

van der Waals line tension
When the droplet is nanometer-scale, the spherical cap-shape approximation will be valid and the model developed in the previous section will be applicable. Marmur [39] derived the substrate-liquid-vapor (vacuum) interaction energy U SLV
between the substrate and the spherical cap-shaped droplet directly by assuming the van der Waals type attractive interaction, where y 0 = −R cos θ (Fig. 1) is the vertical position of the center of a spherical droplet, A SL represents the Hamaker constant and δ represents the cut-off distance of the long-ranged van der Waals potential [39, 43] . Then, the solid-liquid surface tension is written as [39, 43] 
and the excess free energy ∆F in Eq. (23) is given by
where we have used the fact that the liquid-substrate surface area S SL in Eq. (6) is also written as S SL = π R 2 − y 2 0 (Fig. 1 ). Marmur [39] 
as the intrinsic van der Waals line tension, where only the first term is retained and y 0 = −R cos θ (Fig. 1 ) is used. Since this intrinsic line tension in Eq. (31) depends only on the contact angle θ and the excess free energy is approximately written as Eq. (26), it is possible to calculate the correction to the apparent line tension τ app from Eq. (21) using
Then, the apparent van der Waals line tension becomes
from Eq. (21) where we have neglected ∂σ/∂R.
In fact, the correct formula for the apparent van der Waals line tension is given exactly by
from Eq. (27), where we have neglected ∂σ/∂R again. Note that most of the singular terms in Eq. (31) disappears automatically in Eq. (34) . Although the intrinsic line tension τ in Eq. (31) becomes negative for hydrophobic droplets with θ > 90 • , the apparent line tension in Eqs. (33) and (34) is always positive. The derivative ∂τ /∂θ is the same order of magnitude as the intrinsic line tension τ , and make the apparent line tension τ app always positive. This result is consistent to the MD results of Kanduč [8] for a cylindrical droplet on a hydrophilic substrate. Of course, the apparent line tension τ app also depends strongly on the contact angle θ as expected [16] . In particular, the apparent line tension diverges as τ app → 2A SL /3πδθ ∼ 1/θ → ∞ in the limit of complete wetting θ → 0.
Since the direct estimation of the solid-liquid surface tension σ SL or the Hamaker constant A SL is difficult, it is customary to use the combining relation [39, 43] to simplify Eq. (29) . However, we will not modify [39] Eqs. (24) and (29) further since we are mainly interested in the contact-angle dependence of line tension. We merely note that τ vdW ∼ σ SL δ. Therefore, |τ vdW | ∼ 1 − 100pN as δ ∼ 0.165nm [43] . Although the apparent van der Waals line tension in Eq. (34) is always positive, the total line tension defined in Eqs. (21) or (27) can be either positive or negative as Tolman's length δ T can be negative [34, 35, 40, 41] .
Gravitational line tension
When the droplet is large and is of the size of capillary length κ −1 = σ ∞ /ρg ∼ 1 mm, where ρ is the density of the liquid and g is the acceleration of gravity, the gravitational potential exceeds the van der Waals potential. Then, the line tension is dominated by the gravitational line tension τ grav (Eq. (3)). Using the spherical cap-shaped droplet model, the excess free energy is given by [38] 
Then Eq. (27) gives
which is always negative, where we have neglected the curvature dependence of the liquid-vapor surface tension ∂σ/∂R because it is characterized by Tolman's length and is expected to be much smaller than Eq. (36) . The negativity of Eq. (36) is intuitively correct because the droplet will spreads due to the gravitational acceleration and the contact angle will become lower. For fixed droplet volume V given by Eq. (9), Eq. (36) can also be written as
where M = V ρ is the mass of the droplet. In contrast to the van der Waals line tension, Eq. (37) is always negative. It diverges as τ app → −M g/2πθ ∼ −1/θ in the limit of complete wetting θ → 0. When θ = 90 • , for example, Eq. (37) becomes τ app = −M g/4π whose magnitude is τ app ∼ 10 −5 N for V = 10mm 3 water droplet. This is the right order of magnitude of line tension usually observed for macroscopic millimeter-scale droplets. [1, 15, 16] . Therefore, the curvature dependence of the liquidvapor surface tension represented by Tolman's length, will be unimportant for the gravitational line tension and the correction due to ∂σ/∂R or δ T can be neglected. However, the results in Eqs. (36) and (37) cannot be interpreted as the gravitational line tension τ grav because τ app ∝ R 3 which does not give the 1/r correction to cos θ in Eq. (1). In fact, Eq. (25) becomes [38] 
from Eqs. (15), (24) and (35), which does not have the form of Eq. (1) because R ∝ r. Eq. (38) is further simplified if the contact angle is small (θ ≪ 1 and θ Y ≪ 1). Then, we have
which predicts θ ≃ √ 1 − 0.25θ Y ≃ 0.87θ Y for a R ∼ 3mm water droplet with σ ∼ 0.06N/m. Therefore, the droplet will spread and the contact angle decreases by the action of the gravity, which could be interpreted as the effect of negative gravitational line tension from Eq. (1) So far we have assumed a spherical cap-shaped droplet. When the droplet becomes larger, the droplet will be flattened and it becomes paddle-shaped [4] and the spherical cap-shaped model to derive Eq. (38) from Eq (35) is no longer valid. In such a case, it is customary to assume the excess free energy in the form of Eq. (26) and to calculate the intrinsic line tension τ (θ) using the two-dimensional wedge-like model with varying sophistications [10, 22, [27] [28] [29] The gravitational intrinsic line tension for a paddle-shaped droplet (Fig. 3 ) has already been obtained using the interface displacement model [4, 30] . The intrinsic line tension τ (θ) is given as
when the contact angle θ is small, where
is the height (thickness) of the paddle-shaped droplet [4, 44] shown in Fig. 3 . Apparently, the intrinsic line tension τ (θ) is positive and would be several order of magnitude large than the van der Waals line tension τ vdW as the capillary length κ −1 ∼ 1mm is several order of magnitude larger [1] than the cut-off distance [43] δ ∼ 0.165nm (see the discussion below Eq. (29)). A slightly more general, but essentially the same result for τ (θ) is derived by Law et al [1] . This intrinsic line tension τ (θ) in Eq. (41) successfully accounts for the large line tensions of the order of µN observed for millimeter-scale large droplets [1, 15] . However, this intrinsic line tension is always positive, which contradicts to the negative effective line tension in Eq. (37) . Also, the experimentally determined line tensions are frequently negative [15] . θ
Spherical droplet
Paddle-shaped droplet y e Figure 3 . A millimeter-scale paddle-shaped droplet under the gravitational acceleration. The spherical meniscus of nanometer-scale droplet in Fig. 1 is distorted by the gravitational force.
In fact, the apparent gravitational line tension must contain the correction from ∂τ /∂θ, and it becomes τ grav = τ − (2 + cos θ) sin θ ∂τ ∂θ .
from Eq. (21) . Now, the apparent gravitational line tension τ grav becomes always negative because the intrinsic line tension τ in Eq. (40) is always positive. This result is consistent to the result in Eq. (37) . The sign of experimentally measured line tensions are either positive or negative [9, 15] . Some group [45] reported negative line tensions of the order of µN, while other group [46] reported positive line tensions of the same order of magnitude for millimeter-scale droplets. However, most measurements of negative line tension are for large millimeter-scale droplets [15] . The ambiguity regarding the sign and the magni-tude of line tension is known to be partly caused by the roughness and heterogeneity of the real surface [1] . Actually, simple pinning mechanism will easily give a spurious positive line tension. However, the negative line tension cannot stabilize the three-phase contact line so that the higher-order correction must necessarily be important [14] .
We have been considering the problem of droplet using the Helmholtz free energy of fixed volume. Therefore, the droplet volume is changed by injecting liquid into or subtracting liquid from the droplet as shown in Fig. 2(a) . Then, the Helmholtz free energy is minimized to seek for the equilibrium contact angle θ for fixed volume. Very recently, Tadmor et al. [47] have discussed the gravitational line tension by using the variation of the Gibbs free energy, which allows for the fluctuation of droplet volume. They derived two formulas for the cosine of the contact angle θ. The one formula derived from the variation of Gibbs free energy by the contact angle θ under the condition of fixed volume coincides with Eq. (38) . In addition, they derived another new formula from the variation of the free energy by the volume under the condition of (arbitrary) fixed contact angle. They claimed that these two solutions suggest two coexisting stable contact angles. However, the new formula which determines the contact angle θ is mathematically contradictory as the variation is performed under the condition of arbitrary fixed contact angle θ.
In order to consider the variation by the contact angle as well as by the volume or the number of molecule in the droplet simultaneously, it is necessary to regard the droplet as the critical nucleus of heterogeneous nucleation [25] , which is in metastable equilibrium with the oversaturated surrounding vapor (Fig. 2(b) ). In this case, the droplet volume is controlled indirectly by changing the pressure or the supersaturation of surrounding vapor (Fig. 2(b) ). Tatyanenko and Shchekin [48] studied the size-dependence of the contact angle of this critical nucleus recently. By extremizing the grand potential instead of the Helmholtz free energy by the volume and by the contact angle, they derived the Laplace formula for the pressure as well as the generalized Young's equation for the contact angle θ. They [48] further used the microscopic interface-displacement model to study the size dependence of the contact angle of critical nucleus. They found a large deviation from the linearity cos θ ∝ 1/r. The size dependence of the contact angle is attributed not only to the line tension but to the adsorption of wetting layer (Fig. 2(b) ) since the adsorption depends on the supersaturation. Although their result is suggestive to some of experimental results [12] , it does not include Tolman's correction and does not provide any general conclusion since their numerical result depends strongly on the choice of disjoining pressure.
In this paper, we have been considering a sessile droplet on flat and ideally smooth substrates. A general equation similar to the modified Young's equation that can predicts the apparent contact angle θ on a flat rough substrate including the line tension effect was proposed by Bormashenko [49] . However, the result of recent molecular dynamic simulation [50] indicates negligible contribution of line tension. The various effects of roughness, surface imperfections and impurities, which would obscure the line tension effect by the contact angle hysteresis, are beyond the scope of this paper.
Conclusion
In this study, we derived a generalized Young's equation which includes the two corrections due to the curvature-dependence of the liquid-vapor surface tension and the contact-angle dependence of line tension. We considered the curvature-dependence using Tolman's formula [33, 34] . We considered the contact-angle dependence of the van der Waals line tension in nanometer scale by employing the simple model by Marmur [39] which takes into account the long-ranged van der Waals potential. For the gravitational line tension of larger millimeter-scale droplets, we used the formula for the excess free energy developed by Shapiro et al. [38] and that for the intrinsic line tension developed by de Gennes et al. [4] and by Herminghaus and Brochard [30] .
In conclusion, our analysis shows that the two corrections to the apparent line tension are large and cannot be neglected. They change even the sign of the resultant apparent line tension. Qualitatively, our two simple model calculations explain the variety of the sign and the magnitude of line tensions experimentally measured [15] . If the line tension can be artificially controlled, it can be used to change the contact angle and the wetting properties of the substrate. In fact, a modest seasonal change of line tension leads to the seasonal change of the cuticle wettability of insects from superhydrophobic to superhydrophilic (wetting) [51] . Our theoretical consideration of line tension will be useful in future to design substrates whose wetting property is controlled by line tension.
Finally, we would like to emphasize again that the theoretical intrinsic line tension is defined through the free energy [22, 23, [27] [28] [29] [30] , while the experimental apparent line tension is determined from the generalized Young's equation of the mechanical force balance [1, [9] [10] [11] [12] [13] [14] . In other word, there is a gap between the theoretically line tensions defined through the energy and the experimentally line tensions define trough the force. Therefore, naive comparison of the experimentally determined and the theoretically calculated line tension is not always possible.
